Abstract. Let k be a field of arbitrary characteristic. Suppose that f 1 , . . . , fn are polynomials in k[t] and d i = deg(f i ). We prove that, if gcd of d 1 , . . . , dn is 1, then k(f 1 , . . . , fn) = f (t), or equivalently, the morphism ψ = (f 1 , . . . , fn) :
Introduction
Let k be an arbitrary field and f 1 , . . . , f n ∈ k[t]. Then f (t) is an algebraic extension of its subfield k(f 1 , . . . , f n ). The degree d = [k(t) : k(f 1 , . . . , f n )] of this field extension is 1 if and only if t can be written as a rational expression of f 1 , . . . , f n . In this paper, we will develop a sufficient condition for d = 1, that involves the degrees of f 1 , . . . , f n .
More precisely, this paper aims to prove the following two results:
(Theorem 2.4, 2.5) For each i = 1, . . . , n, define d i to be deg(f i ). Suppose that gcd(d 1 , . . . , d n ) = 1. Then, k(f 1 , . . . , f n ) = f (t), or equivalently, the morphism ψ = (f 1 , . . . , f n ) : A k → A n k is proper and birational onto its image.
(Corollary 2.6) Suppose f and g are nonlinear polynomials in k[t] with relatively prime degrees. Then the curve C ⊂ A 2 given parametrically by
is a rational curve not isomorphic to the affine line.
We note that, for two polynomials f, g ∈ k[t], S. Abhyankar and T. Moh 
Birationality of ψ
Let k be an arbitrary field. Throughout this paper, unless there is a possibility of confusion, we will use the shorthand notation A n for the affine space
We will identify the fraction
. We need the following result from [Par98] , in which the algebraic set V (g 1 , . . . , g n ) ⊂ A 2 denotes the set of common zeros of the polynomials g 1 , . . . , g n ∈ k[s, t].
The following lemma describes an important property of the homogeneous cyclotomic polynomials. Its proof will be given in the next section.
The following theorem is the main result of this paper.
Proof. Let p ≥ 0 be the characteristic of the ground field k. (g 1 , . . . , g n ) = 1.
Write f i = di j=0 a ij t j for each i = 1, . . . , n. Then, each g i can be writen in terms of the homogeneous cyclitomic polynomials:
Suppose Claim 2 is false, and denote gcd(g 1 , . . . , g n ) by h. Then, h has (total) degree δ ≥ 1. Write h as a sum of homogeneous polynomials in k[s, t]:
where h j is a homogeneous polynomial of degree j for each j = 1, . . . , δ. Since h = gcd(g 1 , . . . , g n ),
which implies that h δ is a common divisor of Ψ d1 , . . . , Ψ dn with deg(h δ ) ≥ 1. However, by Lemma 2.3, gcd(Ψ d1 , . . . , Ψ dn ) = 1.
Claim 3: V (g 1 , . . . , g n ) ⊂ A 2 is a finite set.
Otherwise, let X denote V (g 1 , . . . , g n ). Then, dim(X) = 1 or 2. Since f
j=1 a ij Ψ j , i = 1, . . . , n, are not identically zero. Since dim(X) is 2 if and only if g 1 = · · · = g n = 0, we conclude dim(X) = 1. Let W ⊂ A 2 be an irreducible component of X. Then, by Krull's Hauptidealsatz, W = V (α) for a nonconstant irreducible polynomial α ∈ k[s, t], and α is a common divisor of g 1 , . . . , g n . This is a contradiction to the hypothesis gcd(g 1 , . . . , g n ) = 1.
Claim 1 shows that f 1 , . . . , f n satisfy the hypothesis of Theorem 2.1. Hence, by Theorem 2.1 and Claim 3, one concludes k(f 1 , . . . , f n ) = k(t).
is proper and birational onto its image.
Proof. The morphism ψ = (f 1 , . . . , f n ) : A → A n induces a morphism from A to the Zariski closure ψ(A) of ψ(A). By an abuse of notations, we will denote this induced morphism also by ψ:
where C denotes ψ(A). Since gcd(d 1 , . . . , d n ) = 1, each f i is a nonconstant polynomial in k[t] and, thus, ψ : A → C is a finite morphism. Therefore, ψ is proper, and C = ψ(A). Since the function field of the curve C is k(f 1 , . . . , f n ), which is same as the function field k(t) of A by Theorem 2.4, one concludes that ψ : A → C is birational.
Corollary 2.6. Suppose f and g are nonlinear polynomials in k[t] with relatively prime degrees. Then the curve C ⊂ A 2 given parametrically by
is a rational curve that is not isomorphic to the affine line.
Proof. Let m and n be degrees of f and g, respectively. We may assume 1 < m ≤ n.
Consider the morphism
Then, the function field and the coordinate ring of the curve C = ψ(A) are k(f, g) and k[f, g], respectively. Since gcd(m, n) = 1, Theorem 2.4 shows k(f, g) = k(t). Therefore, C is a rational curve. Since m does not divide n, the Abhyankar-Moh condition asserts k[f, g] is a proper subring of k [t] . Therefore, ψ is not injective, and C is not isomorphic to the affine line A.
Homogeneous Cyclotomic Polynomials
Now, we prove Lemma 2.3.
Then, the gcd of the homogeneous cyclotomic polynomials Ψ d1 , . . . , Ψ dn in k[s, t] is 1.
Proof. If d i = 1 for some i ∈ {1, . . . , n}, then Ψ di ∈ k * , which trivially implies the lemma. Hence we may assume d i ≥ 2 for all i ∈ {1, . . . , n}.
Let p ≥ 0 be the characteristic of the ground field k. There are two cases to consider:
This is automatically the case if p = 0. Letk be the algebraic closure of k. For each i = 1, . . . , n, there exists a primitive d i -th root of unity ζ di ink since gcd(p, d i ) = 1. Then, Ψ di splits into linear factors overk:
Claim: Ψ d1 , . . . , Ψ dn do not have a common linear factor overk. Otherwise, there exists ζ ∈k * such that t − ζs divides each Ψ di . Then, for each i = 1, . . . , n, there exists j i ∈ {1, . . . , d i − 1} such that ζ = ζ di ji . Therefore, the order of ζ as an element of the multiplicative groupk * divides each d i . Since gcd(d 1 , . . . , d n ) = 1, the order of ζ must be 1, i.e. ζ = 1. This is impossible since t − ζs = t − s does not divide any of Ψ di 's.
Since Ψ d1 , . . . , Ψ dn do not have a common linear factor overk, gcd(Ψ d1 , . . . , Ψ dn ) = 1 ink[s, t].
Hence gcd(Ψ d1 , . . . , Ψ dn ) in the subring k[s, t] ofk[s, t] is also 1.
